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Propagation and stability of intense laser pulses in partially stripped plasmas

P. Sprangle, E. Esarey, and B. Hafizi*
Beam Physics Branch, Plasma Physics Division, Naval Research Laboratory, Washington, D.C. 20375

~Received 25 April 1997!

The propagation and stability of intense laser pulses in a partially stripped plasma, i.e., in the presence of
free and bound electrons, is analyzed. The presence of bound electrons is shown to significantly alter the
propagation and stability of intense laser pulses. The bound electrons are represented by a linear and nonlinear
susceptibility, while the free electrons, which can support plasma waves, are treated nonlinearly. In the pres-
ence of both free and bound electrons, an atomic modulation instability develops that can have a growth rate
substantially higher than either the conventional relativistic modulational instability or the forward Raman
instability. Bound electrons can also greatly enhance the filamentation instability. The backward Raman insta-
bility, however, is unaffected by bound electrons.@S1063-651X~97!04611-4#

PACS number~s!: 52.40.Nk
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I. INTRODUCTION

The propagation of intense laser pulses in plasmas is
evant to a wide range of applications, such as x-ray la
@1–5#, laser fusion@6–8#, laser-plasma accelerators@9–18#,
harmonic generation in plasmas and gases@19–23#, and
laser-plasma channeling@24–29#. In many intense laser
plasma experiments the ions are not fully stripped and he
the propagation medium consists of both free and bo
electrons. We find that bound electrons can lead to an ato
modulation instability~AMI ! @30# that can dominate the con
ventional relativistic modulational instability~RMI! @31–33#
and forward Raman scattering~FRS! instability @34–38#.
The AMI requires both free and bound electrons, i.e., the f
electrons provide anomalous group velocity dispers
whereas the bound electrons provide self-phase modula
Bound electrons can also result in an atomic filamenta
instability ~AFI! @30#, which can dominate the convention
relativistic filamentation instability~RFI! @31–33#. These ef-
fects could play an important role in laser interaction expe
ments with high-Z material.

Generally speaking, the refractive index associated w
an intense laser pulse in a partially stripped plasma ish51
1Dh, with Dh5h0211Dh'1Dhp1Dhpw1Dh r
1Dha , whereh0>1 is the linear index associated with th
bound~atomic! electrons,Dh'522c2/(v0r 0)2 is the con-
tribution from the finite spot size of the laser pulse,Dhp5
2vp

2/2v0
2 is the linear contribution from the free~plasma!

electrons,Dhpw5Dhp(dnp /np), is the nonlinear contribu-
tion from the excited plasma wave,Dh r52Dhpa0

2/4 is the
relativistic contribution from plasma electrons, andDha
5h2I is the nonlinear contribution from the bound atom
electrons. In the above,v0 is the laser frequency,r 0 is the
laser spot size,vp5(4pq2np /m)1/2 is the plasma frequency
np is the ambient plasma density,dnp is the perturbed
plasma density,a0 the normalized~unitless! peak amplitude

*Present address: Icarus Research, Inc., P.O. Box 30780,
thesda, MD 20824-0780.
561063-651X/97/56~5!/5894~14!/$10.00
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of the laser vector potential,h2 is the nonlinear refractive
index associated with the bound electrons,I is the time
averaged laser intensity, and it is assumed thatuDhu
!1. For a linearly polarized laser beama0

257.32
310219l0

2@mm#I @W/cm2#, wherel052pc/v0 is the laser
wavelength. Note thata0 is equal to the peak electron osci
lation momentum in the laser pulse, normalized tomc.

Self-focusing of the laser beam requires that the rad
gradient of the refractive index be negative, i.e.,]Dh/]r
,0. It can be shown that the condition for self-focusing
(pr 0 /l0)2Dh r ,a>1, where r 0

2Dh r ,a is proportional to the
laser power. This implies that the refractive indices asso
ated with the relativistic plasmaDh r and bound electrons
Dha can individually cause focusing of the laser pulse
certain critical power levels are exceeded. The critical po
ers for relativistic focusing in a plasma@31,39–41# and non-
linear focusing in a gas@42–44# are, respectively,

Pp52c~q/r e!
2~v0 /vp!2 ~1a!

and

Pa5l0
2/~2ph0h2!, ~1b!

wherer e5q2/mc252.82310213 cm is the classical electron
radius. In practical units, the relativistic focusing power
Eq. ~1a! can be written asPp@GW#517.4(v0 /vp)2. The
ratio of the critical powers can be much greater than un
and scales with laser frequency to the fourth power. In pr
tical units,

R5
Pp

Pa
5

1.2231040h0h2@cm2/W#

l0
4@mm#np@cm23#

, ~2!

whereh2 is proportional to the atomic gas densityna . For
example, takingh2>10219 cm2/W for typical neutral gases
at standard temperature and pressure~STP!, na5np52.7
31019 cm23 and l050.5mm, we find thatR>710. For
these parameters, the critical powers for relativistic plas
and nonlinear gas focusing arePp52.8 TW and Pa
5Pp/71053.9 GW, respectively. In a partially strippe
e-
5894 © 1997 The American Physical Society
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56 5895PROPAGATION AND STABILITY OF INTENSE LASER . . .
plasma, ifR@1, the bound electrons have a much grea
effect on the focusing of the laser pulse than the free e
trons.

This paper is organized as follows. Section II discus
the wave equation for a laser pulse propagating in a parti
stripped plasma. The polarization field of the bound electr
and the plasma current are retained to third order in the l
field. The nonlinear dispersion relation for the pump la
field is discussed in Sec. III. The nonlinear dispersion re
tion for the Stokes and anti-Stokes sidebands is derive
Sec. IV. Growth rates are derived for~a! modulation, ~b!
Raman, and~c! filamentation instabilities and are plotted
functions of wave number for several values ofR. The
physical mechanism of the AMI is also discussed and
roles of both the bound and free electrons is clearly de
eated. A discussion and conclusion is given in Sec. V. T
paper also includes two Appendixes discussing~A! the non-
linear susceptibility and group velocity dispersion parame
and ~B! ionization rates due to both photo and collision
processes.

II. NONLINEAR WAVE EQUATION

The wave equation for a laser pulse propagating in a p
tially stripped plasma is

~¹22c22]2/]t2!E54pc22~]2P/]t21]Jp /]t !, ~3!

whereE is the laser electric field,P is the polarization field
associated with the bound electrons, andJp is the plasma
current density. The polarization field consists of a linear a
nonlinear part,P5(x (1)1x (3)(E•E))E, wherex (1)(x (3)) is
the linear ~third order! susceptibility associated with th
bound electrons. The time averaged refractive index of
bound electrons ish5h01h2I , whereh05(114px (1))1/2

is the linear index,h258p2x (3)/h0
2c is the nonlinear refrac-

tive index, andI 5(c/4p)h0^E•E& is the time averaged lase
intensity. In the present model, the origin of the third ord
susceptibilityx (3) ~or nonlinear indexh2! is the anharmonic
potential well in which the bound electrons oscillate. T
response time for the development ofx (3) ~or h2! due to the
anharmonic electron oscillations is fast, on the order
10215 s.

Values ofx (3) for partially stripped atoms are not com
monly known but can be readily calculated. For the purp
of estimating these values, we will assume the charge sta
small compared to the atomic number, and thereforex (3) for
a partially stripped atom is expected to be within an orde
magnitude of the neutral atom value. Near atomic re
nances, however, significant changes inx (3) and x (1) can
occur. It is important to note that the validity of the prese
analysis is not contingent onx (3) being accurately known
Our results are expressed in terms of the quantityR, which is
the effective value for a partially stripped atom and prop
tional tox (3), and examples are given for a wide range ofR.
Estimates forx (3) associated with neutral and charged ato
at frequencies far below resonance are given in Appendix

The assumption that the average charge state is s
compared to the atomic number places limitations on
laser intensity and duration. Nonetheless, our model is
pected to hold for a wide range of laser intensities and pu
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durations. There are two limits on the laser intensity:~i! the
intensity must be lower than the threshold for ionization
the next charge state and~ii ! the intensity must be suffi-
ciently small so that the perturbation expansion ofP remains
valid. In addition, the laser pulse length must be sufficien
short so as to avoid further electron collisional ionizatio
Appendix B discusses and estimates photo and collisio
ionization rates as a function of laser intensity and ionizat
energies. Intensities and pulse durations needed to avoid
ization, beyond certain levels, are estimated in Appendix

For the expansion of the polarization field in powers
the field to be valid we requireh2I ,h021, which in terms
of a0

2 is

a0
2!7.32310219~h021!l0

2@mm#/h2@cm2/W], ~4!

where bothh021 andh2 are proportional to the atomic ga
densityna . As an example, for N2 at STP withl051 mm,
h0215331024, and h2510219 cm2/W, the normalized
laser amplitude is limited toa0!0.05, which corresponds to
an intensity I !3.531015 W/cm2. The quantityRa0

2 is an
important parameter in determining the stability properties
the laser pulse, which in practical units is given by

Ra0
258.9331021

h2@cm2/W#I @W/cm2#

l0
2@mm#np@cm23#

, ~5!

whereh2I !h021 for the expansion to be valid.
The plasma current density, correct to third order ina, is

@9,36,38#

Jp5qnpc~11dnp /np2a•a/2!a, ~6!

where the term proportional toa•a is due to relativistic
changes in the electron mass. The perturbed plasma de
@9,36,38# is given by

~]2/]t21vp
2!dnp /np5~c2/2!¹2~a•a!. ~7!

It is convenient to write the wave equation in Eq.~3! in
terms of the normalized vector potentiala, and to use the
Coulomb gauge,“•a50. The radiation field is assumed t
consist of plane waves polarized in thex direction of the
form a5(ap1a11a2)êx whereap denotes the pump wave
a6 are the anti-Stokes and Stokes sidebands, andua6u
!uapu. The pump wave is represented byap
5(a0/2)exp@i(k0z2v0t)#1c.c., while the sidebands are give
by

a15~ â1/2!exp$@~k01k!z1k'y2~v01v!t#%1c.c.,

a25~ â2/2!exp$@~k02k!z2k'y2~v02v* !t#%1c.c.,

wherek0 andv0 are the wave number and frequency of t
pump, k, k' , and v are the real axial wave number, re
transverse wave number, and complex frequency of the s
bands, and* denotes the complex conjugate. The amplitu
of the pump and of the sidebands are real and given bya0
andâ6 , respectively, and¹25]2/]y21]2/]z2. Substituting
Eq. ~6! together with the polarization field in terms ofa, into
Eq. ~3! yields the following wave equation fora @30#:
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S ¹22h0
2c22

]2

]t22kp
2Da5kp

2 dnp

np
a2

kp
2

2 H ~a•a!a2Rv0
24 ]

]t F S ]a

]t
•

]a

]t D ]a

]t G J , ~8!
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wherekp5vp /c and R is the effective value in a partially
stripped plasma. In deriving Eq.~8!, x (1) and x (3) are as-
sumed to be constants and independent of laser freque
This assumption is valid since group velocity dispersion
dominated by the free electrons and not the bound electr
as discussed in Appendix A. The third order nonlinear sou
current, which is proportional to the right-hand side of E
~8!, significantly alters the propagation and stability of t
intense laser beam. Sidebands can be generated, result
various types of modulation, filamentation, and Raman in
bilities.

III. NONLINEAR PUMP DISPERSION
AND PROPAGATION

The nonlinear dispersion relation for a linearly polariz
pump wave is

h0
2v0

2/c22k0
22kp

21kp
2@a0a0

21~3/8!Ra0
2#50, ~9!

whereR is given by Eq.~2! anda053/82(1/8)(ck0)2/(v0
2

2vp
2/4) is due to relativistic and nonlinear plasma wave

fects. The term proportional to (3/8)Ra0
2 in Eq. ~9! repre-

sents the nonlinear effects of the bound electrons and ca
substantially greater than the plasma terma0a0

2>a0
2/4. The

resonant term in the expression fora0 , i.e., the term propor-
tional to 1/(v0

22vp
2/4), is due to the nonlinear plasma wav

at frequency and wave number (2v0,2k0). The cutoff fre-
quency is given by

vc5~vp /h0!@12~3/16!~11R!a0
2#, ~10!
cy.
s
s,
e
.

g in
-

-

be

whereRa0
2!1. Note that a lower branch of the dispersio

relation atv05vp/2 exists. The model, however, is not val
when v0>vp/2 since from Eq.~7!, the perturbed density
dnp /np can be large. For a circularly polarized pump wa
a•a5a0

2 is a constant and the dispersion relation is

h0
2v0

2/c22k0
22kp

2@12~11R!a0
2/2#50. ~11!

A circularly polarized pump wave does not induce a plas
wave and therefore the resonant term in the expression
a0 is not present. For a circularly polarized pump the cut-
frequency is given by

vc5~vp /h0!@12~11R!a0
2/4#. ~12!

In the present model propagation slightly below the plas
frequency is achieved as a result of the partial cancellatio
the linear plasma current by the nonlinear polarization c
rent due to the bound electrons. Propagation far below
plasma frequency, however, can result from a cancellatio
the linear plasma current by a nonlinear plasma current
duced from the beating of two electromagnetic fields. This
referred to as electromagnetically induced transparency
plasmas@45#.

IV. SIDEBAND DISPERSION AND STABILITY

To analyze the instabilities, Eqs.~7! and~8! are solved to
ordera0

2â6 , giving
D1â15V0
2$c2~k21k'

2 !/D212~3/2!R@2~v01v!22v0
2#/v0

2%â11V0
2@c2~k21k'

2 !/D212~3/2!R~v0
22v2!/v0

2#â2* ,

~13a!

D2â2* 5V0
2$c2~k21k'

2 !/D212~3/2!R@2~v02v!22v0
2#/v0

2%â2* 1V0
2@c2~k21k'

2 !/D212~3/2!R~v0
22v2!/v0

2#â1 ,
~13b!

where D65h0
2v22c2(k21k'

2 )62(h0
2v0v2c2k0k), V0

25vp
2a0

2/4, andD5v22vp
2. Combining Eqs.~13a! and ~13b! we

obtain the dispersion relation@30#

†D12V0
2$c2~k21k'

2 !/D212~3/2!R@2~v01v!22v0
2#/v0

2%‡•†D22V0
2$c2~k21k'

2 !/D212~3/2!R@2~v02v!22v0
2#/v0

2%‡

5V0
4@c2~k21k'

2 !/D212~3/2!R~v0
22v2!/v0

2#2. ~14!

In the limit R→0, Eq. ~14! reduces to previous results@33#. If the sideband frequency is near the carrier frequency,uvu
!v0 , the dispersion relation reduces to

@v22c2~k21k'
2 !#224v0

2~v2b0ck!212V0
2@~3/2!R112c2~k21k'

2 !/~v22vp
2!#@v22c2~k21k'

2 !#50, ~15!
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56 5897PROPAGATION AND STABILITY OF INTENSE LASER . . .
whereb05ck0 /v0 and we have seth051. The contribution
from the bound electrons, i.e., the term proportional toR,
can be significant and can dramatically modify the conv
tional RMI, RFI, and FRS instability. Note that, because
the assumed polarizations of the pump and sideband wa
the two plasmon decay (2vp) instability is not described by
the dispersion relation, Eq.~14!.

A. Modulational instability

The presence of bound electrons in a partially stripp
plasma can result in an AMI that can completely domin
both the conventional RMI and the FRS instability forR
@1. Since the AMI and RMI are not driven by the induce
plasma wave, they can be analyzed by neglecting the r
nant plasma wave term, i.e., the term proportional toc2(k2

1k'
2 )/(v22vp

2) in the dispersion relation of Eq.~15!. Set-
ting v5b0ck1dv andk'50 in Eq. ~15!, we find that for
the AMI and RMI

dv52~vp /v0!2~ck/2!$~ck/v!22~3/8!a0
2

6@2~113R/2!a0
2/21~ck/v0!2#1/2%, ~16!

whereb0ck@udvu. The AMI growth rate is

G5~1/2!~vp /v0!2ck@~113R/2!a0
2/22~ck/v0!2#1/2,

~17!

and extends fromk50 to k5kmax5(a0v0 /&c)(113R/2)1/2

and peaks atk5kmax/&. In the conventional RMI the rang
of unstable wave numbers is restricted tok,vp /c while in
the AMI the range ink can exceedvp /c and can approach
v0 /c. Since the range of wave numbers over which the A
exists is broad, it will be less sensitive to laser incoherenc
plasma inhomogeneities than the RMI or FRS instabil
The maximum growth rate for the AMI is given by

G5~vp
2a0

2/8v0!~113R/2!. ~18!

The maximum growth rate for the conventional RMI (R
50! @31,33# is G5(1/8)(vp

2/v0)a0
2 and occurs at k

5(a0/2)v0 /c!kmax. The ratio of the maximum growth rat
for the AMI to the conventional RMI is 113R/2, which can
be much greater than unity. In the limitnp→0, Eq. ~17!
implies thatkmax→` and, for finitek, the AMI growth rate
scales asG;np

1/2→0, hence, the AMI is stable in the absen
of a plasma.

B. Raman instability

The growth rate for the FRS instability peaks atk
5vp /c and is distinct from the AMI instability forRa0

2

,(4/3)vp
2/v0

2. For Ra0
2!(4/3)vp

2/v0
2 and k'50, the FRS

growth rate atk5vp /c is given by the conventional expres
sion @33–37#

G>
a0

2&

vp
2

v0
. ~19!

As Ra0
2 increases and approaches (4/3)vp

2/v0
2 the AMI

merges with the FRS instability. ForRa0
2@(4/3)vp

2/v0
2 the
-
f
es,

d
e

o-

I
or
.

FRS instability is dominated by the AMI. The ratio of th
maximum growth rate for the AMI to the conventional FR
instability is (3&/8)Ra0 . The Raman backscatter instab
ity, on the other hand, is virtually unaffected by the presen
of bound electrons, i.e., the Stokes frequency isv5vp , the
wave number isk>2k02v0vp /c2k0 , and the growth rate is
G>(v0vp)1/2a0/2, assumingvp /v0!1.

C. Filamentation instability

As is the case with the modulation and forward Ram
instability, the filamentation instability can be strongly a
fected by bound electrons. Takingk50 in Eq. ~15! and ne-
glecting the resonant plasma wave term, the dispersion r
tion becomes

v252v0
2F16H c2k'

2

4v0
4 @vp

2a0
2~113R/2!/22c2k'

2 #J 1/2G ,
~20!

wherec2k'
2 !v0

2. The AFI growth rate is

G5~ck'/2v0!@vp
2a0

2~113R/2!/22c2k'
2 #1/2, ~21!

and extends from k'50 to k'5k'max5(vpa0 /&c)(1
13R/2)1/2 and peaks atk'5k'max/&. The maximum growth
rate for the AFI is

G5~vp
2a0

2/8v0!~113R/2!, ~22!

which is identical to the maximum AMI growth rate in Eq
~18!. ForR50, the growth rate of the conventional RFI for
plasma is recovered@31,33#, whereas forR@1, the growth
rate of the conventional filamentation instability for a neut
gas is recovered@42#. The ratio of the peak AFI growth rate
to the peak RFI growth rate is 3R/211, which can be much
greater than unity.

The effect of the AFI is to transversely break up the la
pulse into filaments, each having a transverse dimensionr'

>2/k' and a power per filament roughly equal to the critic
power. The power per filament isP5Ipr'

2 >I (4p/k'
2 )

>Pp /(113R/2)>Pa , where k'5(vpa0/2c)(113R/2)1/2

corresponds to the maximum growth rate. This model
sumes that the transverse dimension of the laser puls
greater thanr' . For the filamentation instability (k50), the
sideband frequency is purely imaginary, i.e.,v2,0. The in-
stability, therefore, is purely growing in time and does n
propagate transversely out of the laser pulse.

D. Examples

Numerical solutions of the full dispersion relation, E
~14!, are shown in Figs. 1–8, where the normalized grow
rate G/vp is plotted versus the normalized wave numb
ck/vp or ck' /vp for various values of the effectiveR, a0 ,
and v0 /vp . Figure 1 shows the modulation and Ram
growth rate for k'50, v0 /vp510, a050.01 ~I 51.4
31014 W/cm2 for l051 mm!, and ~a! R50 ~solid curve!,
~b! R5200 ~dotted curve!, and ~c! R5400 ~dashed curve!.
The solid curve (R50) shows only the conventional FR
instability at ck/vp51 having a growth rateG/vp50.7
31023, whereas the conventional RMI is not discernible
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5898 56P. SPRANGLE, E. ESAREY, AND B. HAFIZI
this plot. The conventional (R50) RMI for these parameter
has a peak growth rate ofG/vp51.2531026 at ck/vp
>0.05. ForR5400 ~dashed curve! the peak AMI growth
rate isG/vp50.7531023 ~3R/25600 times larger than the
R50 peak value! at ck/vp>1.3. The AMI is broadband
extending fromck/vp50 to 1.7. The peak Raman growt
rate for R5200 is G/vp50.831023 and for R5400 is
G/vp51.031023, both atck/vp51.

Figure 2 shows the modulation and Raman growth r
for k'50, v0 /vp520,a050.01, and~a! R50 ~solid curve!,
~b! R5200 ~dotted curve!, and ~c! R5400 ~dashed curve!.
The solid curve (R50) shows only the conventional FR
instability at ck/vp51 having a growth rateG/vp50.3
31023, whereas the conventional RMI is not discernible
this plot. The peak conventional RMI growth rate isG/vp
50.631026 atck/vp>0.1. The peak Raman growth rate f
R5200 is G/vp5331024 and for R5400 is G/vp>3.2
31024, both at ck/vp51. For R5400 the AMI extends
from ck/vp50 to 3.4 and has a peak growth rateG/vp
>3.831024.

Figure 3 shows the modulation and Raman growth r
for k'50, v0 /vp510, a050.005, and ~a! R50 ~solid
curve!, ~b! R5200 ~dotted curve!, and ~c! R5400 ~dashed
curve!. The solid curve (R50) shows only the conventiona

FIG. 1. Normalized modulation and Raman instability grow
rate G/vp vs normalized longitudinal wave number,ck/vp , for
v0 /vp510, a050.01, and~a! R50 ~solid!, ~b! R5200 ~dotted!,
and ~c! R5400 ~dashed!, wherek'50.

FIG. 2. Normalized modulation and Raman instability grow
rate G/vp vs normalized longitudinal wave numberck/vp for
v0 /vp520, a050.01, and~a! R50 ~solid!, ~b! R5200 ~dotted!,
and ~c! R5400 ~dashed!, wherek'50.
e

e

FRS instability atck/vp51 having a growth rateG/vp54
31024, whereas the conventional RMI is not discernible
this plot. The conventional RMI for these parameters ha
peak growth rate ofG/vp53.231027 at ck/vp>0.025. For
R5400 ~dashed curve! the AMI extends fromck/vp50 to
0.9 and the peak AMI growth rate isG/vp5231024 at
ck/vp>0.6. The peak Raman growth rate forR5200 is
G/vp54.231024 and for R5400 is G/vp54.531024,
both atck/vp51.

Figure 4 shows the modulation and Raman growth r
for k'50, v0 /vp520, a050.005, and ~a! R50 ~solid
curve!, ~b! R5200 ~dotted curve!, and ~c! R5400 ~dashed
curve!. The solid curve (R50) shows only the conventiona
FRS instability atck/vp51 having a growth rateG/vp
51.931024, whereas the conventional RMI is not discer
ible on this plot. The conventional RMI for these paramet
has a peak growth rate ofG/vp51.531027 at ck/vp
>0.05. ForR5400 ~dashed curve! the AMI extends from
ck/vp50 to 1.7 and the peak AMI growth rate isG/vp
5131024 at ck/vp>1.2. The peak Raman growth rates f
R5200 and forR5400 are approximately the same an
equal toG/vp5231024, with both peaks atck/vp51.

Figure 5 shows the filamentation growth rate fork50,
v0 /vp510,a050.01, and~a! R5200~dotted curve! and~b!

FIG. 3. Normalized modulation and Raman instability grow
rate G/vp vs normalized longitudinal wave numberck/vp for
v0 /vp510, a050.005, and~a! R50 ~solid!, ~b! R5200 ~dotted!,
and ~c! R5400 ~dashed!, wherek'50.

FIG. 4. Normalized modulation and Raman instability grow
rate G/vp vs normalized longitudinal wave numberck/vp for
v0 /vp520, a050.005, and~a! R50 ~solid!, ~b! R5200 ~dotted!,
and ~c! R5400 ~dashed!, wherek'50.
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R5400~dashed curve!. The conventional RFI is not discern
ible on this plot. The conventional RFI for these paramet
with R50 has a peak growth rate ofG/vp51.331026 at
ck' /vp>0.005. ForR5400 ~dashed curve! the peak AFI
growth rate isG/vp5831024 at ck' /vp>0.13.

Figure 6 shows the filamentation growth rate fork50,
v0 /vp520,a050.01, and~a! R5200~dotted curve! and~b!
R5400 ~dashed curve!. The conventional RFI, which is no
discernible on this plot, has a peak growth rate ofG/vp56
31027 at ck' /vp>0.005. ForR5400 ~dashed curve! the
peak AFI growth rate isG/vp53.931024 at ck' /vp
>0.13.

Figure 7 shows the filamentation growth rate fork50,
v0 /vp510, a050.005, and~a! R5200 ~dotted curve! and
~b! R5400 ~dashed curve!. The conventional RFI, which is
not discernible on this plot, has a peak growth rate
G/vp5331027 at ck' /vp>0.0025. ForR5400 ~dashed
curve! the peak AFI growth rate isG/vp51.931024 at
ck' /vp>0.06.

Figure 8 shows the filamentation growth rate fork50,
v0 /vp520, a050.005, and~a! R5200 ~dotted curve! and
~b! R5400 ~dashed curve!. The conventional RFI, which is

FIG. 5. Normalized filamentation instability growth rateG/vp

vs normalized transverse wave numberck' /vp for v0 /vp510,
a050.01, and~a! R5200 ~dotted!, and~b! R5400 ~dashed!, where
k50.

FIG. 6. Normalized filamentation instability growth rateG/vp

vs normalized transverse wave numberck' /vp for v0 /vp520,
a050.01, and~a! R5200 ~dotted! and~b! R5400 ~dashed!, where
k50.
s

f

not discernible on this plot, has a peak growth rate
G/vp51.531027 at ck' /vp>0.0025. ForR5400 ~dashed
curve! the peak AFI growth rate isG/vp59.531025 at
ck' /vp>0.06.

Figures 9–12 show surface plots of the normaliz
growth rateG/vp as a function ofck/vp and ck' /vp for
various values ofR, a0 , andv0 /vp . These surface plots ar
useful since they display simultaneously the growth ra
corresponding to the modulational, Raman, and filamenta
instabilities. In Fig. 9,v0 /vp510, a050.01, and ~a! R
5200 and~b! R5400, as is the case in the one-dimension
plots of Figs. 1 and 5. The surface plot corresponding to
conventionalR50 limit, which is not shown, is dominated
by the very narrow peak of the Raman instability in t
vicinity of ck/vp>1. Similarly, Figs. 10, 11, and 12 ar
surface plots forv0 /vp510, a050.005, v0 /vp520, a0
50.01, andv0 /vp520, a050.005, respectively, with~a!
R5200 and~b! R5400. All the surface plots display th
Raman peak nearck/vp51, however, the peak of the Ra
man instability is not fully resolved due to the coarse g
used in these plots. Figures 9–12 clearly indicated that aR
is increased the AMI and AFI growth rates increase and,

FIG. 7. Normalized filamentation instability growth rateG/vp

vs normalized transverse wave numberck' /vp for v0 /vp510,
a050.005, and~a! R5200~dotted! and~b! R5400~dashed!, where
k50.

FIG. 8. Normalized filamentation instability growth rateG/vp

vs normalized transverse wave numberck' /vp for v0 /vp520,
a050.005, and~a! R5200~dotted! and~b! R5400~dashed!, where
k50.
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sufficiently largeR, dominate over the conventional RM
FRS, and RFI.

E. Physical mechanism of modulational instability

The physical mechanism for the modulational instabil
is due to group velocity dispersion~GVD! and self-phase
modulation~SPM!. Dispersion is dominated by the plasm
electrons, which provide ‘‘anomalous’’ GVD, and the no
linearity is dominated by the bound electrons, which prov
SPM. These are the two necessary ingredients for a mod
tion instability @46#. The group velocity can be written a
vg>vg01dvg , wherevg05c@12(vp

21c2k'0
2 )/v0

2#1/2 is the
linear group velocity,dvg>c@(vp

21c2k'0
2 )/v0

2#dv/v0 is
the perturbed nonlinear group velocity anddv is the nonlin-
ear frequency shift. Note that higher frequencies have hig
group velocity, i.e., anomalous GVD. Here, the effects o
finite transverse wave numberk'052/r 0 associated with the
pump wave have been included, which can also resul
anomalous GVD. The SPM process is responsible for
nonlinear frequency shift, which is proportional to the no
linear index times the gradient of the intensity, i.
h2¹(a2). In a frame of reference moving with the linea
group velocityvg0 , consider a spatially localized perturb
tion in the field amplitude,a5a01da, whereda.0, as in-
dicated in Fig. 13. The perturbed amplitude will produce
local frequency shift through the SPM and hence a pertur
nonlinear group velocitydvg . The rate of change of the

FIG. 9. Surface plots of normalized growth rate as a function
ck/vp and ck' /vp , for ~a! R5200 and~b! R5400, wherea0

50.01 andv0 /vp510.
e
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er
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nonlinear frequency shift is]dv/]t5c(vp
2/4v0)R](a2)/]j

'c(vp
2/2v0)Ra0]da/]j, wherej5z2vg0t is the axial po-

sition in the group velocity frame. If the perturbationda is
peaked aroundj50, then the frequency just ahead of th
perturbation (j.0) is decreased~redshifted! and is in-
creased~blueshifted! just behind the perturbation (j,0).
Sincedvg is proportional todv, dvg,0 just ahead of the
perturbation anddvg.0 just behind the perturbation. Henc
energy flows towards the positive perturbation atj50 and
da grows. The rate of increase in the perturbed amplitud
]da/]t>2(a0/2)]dvg /]j52(a0/2)@(vp

21c2k'0
2 )/v0

2#(c/
v0)]dv/]j. Operating on this relationship with]/]t and
using the above expression for]dv/]t we find that]2da/]t2

52(c2/4)@(vp
21c2k'0

2 )/v0
2#(vp /v0)2Ra0

2]2da/]j2. Re-
placing]2/]t2 with G2 and]2/]j2 with 2k2 we find that

G>@~vp
21c2k'0

2 !1/2/v0#~vp /v0!R1/2a0ck/2,

which agrees with the expression obtained in Eq.~17!, to
within a factor of order unity, whenk'050 and k
5(3/8)1/2a0R1/2v0 /c, which is the wave number corre
sponding to the maximum growth. The AMI requires fre
electrons and/or a sufficiently largek'0 . In the absence of
free electrons a gas usually has normal GVD (]vg /]v,0)
for k'050 and the AMI is stable. The GVD due to boun
electrons can be neglected compared to that of the free e

f
FIG. 10. Surface plots of normalized growth rate as a funct

of ck/vp andck' /vp , for ~a! R5200 and~b! R5400, wherea0

50.005 andv0 /vp510.
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56 5901PROPAGATION AND STABILITY OF INTENSE LASER . . .
trons. Group velocity dispersion@46# is measured by the pa
rameterb25c21]2(v0h)/]2v0 . The plasma contribution to
b2 is b2p52(vp /v0)2/(cv0)>210228 s2/cm ~for v0 /vp
>10 andl0>1 mm! and is typically opposite in sign an
103 times greater in magnitude than the contribution fro
usual gases at STP, as discussed in Appendix A.

V. DISCUSSION AND CONCLUSION

The presence of bound electrons in a partially stripp
plasma can significantly alter the propagation and stability
laser pulses. A partially stripped plasma will result when
plasma is formed from a relatively high-Z material, e.g., the
photoionization of nitrogen, argon, or krypton; or by explo
ing a metallic foil or wire. This is the case in many expe
ments on x-ray lasers, high-order harmonic generation,
in laser-channeling experiments for laser accelerators an
ser fusion. In such a plasma, the optical nonlinearities can
completely dominated by bound electron effects. In parti
lar, the ratio of the third-order nonlinearity for free electro
to that of bound electrons is given by the ratio of critic
powers for self-focusing,R5Pp /Pa , which is typically
much greater than unity. Growth rates for various instab
ties have been obtained in terms of the effective value oR
for a partially stripped plasma.

When R@1, the combination of anomalous GVD from
the free electrons and SPM from the bound electrons lead

FIG. 11. Surface plots of normalized growth rate as a funct
of ck/vp andck' /vp , for ~a! R5200 and~b! R5400, wherea0

50.01 andv0 /vp520.
d
f
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d
la-
e
-
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-

to

a strong instability, i.e., the AMI. In a fully stripped plasm
modulational-type instabilities are dominated by FRS, wh
occurs in a narrow band aroundv5vp andk5vp /c. In the
presence of bound electrons, however, the growth rate of
AMI can be greater than that of FRS and occurs at a m
higher and broader range ofv andk. This implies that axial
breakup of a laser will occur much more rapidly in a partia
stripped plasma and, due to the large range of unstablev and
k, the instability will be less sensitive to variations in th
ambient density or to laser incoherence effects. WhenR
@1, the transverse breakup of the laser pulse is dominate
the AFI. Provided the laser power greatly exceedsPa , the
laser pulse will form transverse filaments with a power p
filament on the order ofPa .

The present analysis contains a number of assumption
particular, the laser pulse length must be sufficiently sh
and the intensity must be sufficiently low so that furth
ionization of the plasma is avoided. These requirements
be easily met, given the availability of ultrashort (,1 ps)
high power lasers and the high binding energies of in
shell electrons. Perhaps a more stringent constraint on
laser intensity is the validity of the polarization field expa
sionP5(x (1)1x (3)E•E)E, which assumesh021@h2I . In-
clusion of bound electron effects could alter the interpre
tion of laser interaction experiments with high-Z material.

n

FIG. 12. Surface plots of normalized growth rate as a funct
of ck/vp andck' /vp , for ~a! R5200 and~b! R5400, wherea0

50.005 andv0 /vp520.
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APPENDIX A: NONLINEAR SUSCEPTIBILITY
AND GVD PARAMETER

1. Nonlinear susceptibility

A rough estimate forx (3) and h2 far from any atomic
resonances can be obtained by equating the linear and
linear polarization fields and setting the electric field equa
the characteristic atomic~hydrogenic! field Ea5q/r B

255.2
3109 V/cm, wherer B5\2/q2m is the Bohr radius@42–44#.
Note that the intensity of a linearly polarized laser pulse w
a peak field equal toEa is I 5(c/8p)Ea

2>3.631016 W/cm2

(a050.16 for l051 mm!. The magnitude of the third orde
susceptibility is, therefore, approximatelyx (3)>x (1)/Ea

2

5x (1)r B
4/q2. Since 4px (1) is unitless, of order unity for con

densed matter~density;231022 cm23!, and proportional to

FIG. 13. Illustration of the physical mechanism for the modu
tion instability in the linear group velocity frame:~a! shows initial
perturbation in amplitude,~b! shows frequency shift induced b
self-phase modulation, and~c! shows group velocity dispersion in
dicating that energy flows towards the initial perturbation result
in growth.
c-
.
.
e

n-
o

the density, we can writex (1)>4310224na@cm23#. Hence,
order of magnitude estimates forx (3) and h2 are x (3)@esu#
>10238na@cm23# and h2@cm2/W#>5310240na@cm23#,
wherex (3)@esu# is in units of (cm/statvolts)2. Table I lists
the approximate measured values for the third order sus
tibility for various gases at STP and for linearly polarize
0.5-mm radiation@19,42#. Also listed in Table I are the non
linear focusing power in a gasPa and the ratio of the critical
powers for relativistic plasma focusing and nonlinear gas
cusing R5Pp /Pa . The value of h2 , defined by Dha
5h2I , in units of cm2/W can be obtained by multiplying the
value ofx (3) in esu by 0.0395/h0

2.
The nonlinear susceptibilityx (3) for an ionized atom can

be simply estimated if the charge state is small compare
the atomic number and the optical frequency is far below a
atomic resonance. The nonresonant nonlinear susceptib
is approximately given byx (3)>8nam4/\3VR

3, where m
>qrB is the typical dipole moment andVR is the typical
value of the atomic resonance frequency@44#. SinceVR is
roughly proportional to the ionization potentialUI , the ratio
of the nonlinear susceptibilities of the ionized atom to t
neutral atom is

x1
~3!/x~3!'~UI /UI

1!3, ~A1!

whereUI
1 is the ionization potential for the ionized atom. A

an example, for Xe gas,UI512.1 eV,UI
1521.2 eV~for the

singly ionized state!, andx1
(3)/x (3)>0.18.

2. Dispersion parameter for free and bound electrons

In Secs. II–IV, the frequency dependence ofx (1) was
neglected in the derivation of the dispersion relation. This
justified since dispersion is dominated by the free electr
and not the bound electrons. Dispersion is determined by
frequency dependence of the linear refractive index,hL
5h01hLp , whereh0 is the bound electron contribution an
hLp is the plasma~free electron! contribution. An order of
magnitude estimate ofh0 far below any resonance is give
by the simple model

h0>11
va

2

VR
22v0

2 >11
va

2

VR
2 S 11

v0
2

VR
2 D , ~A2!

-

g

TABLE I. Nonlinear index and focusing power for various ne
tral gases at STP (na52.731019 cm23) and for linearly polarized
l050.5mm light. The relativistic plasma focusing power
Pp@GW#517.4 (v0 /vp)252.93103 for np5na52.731019 cm23.

Gas 1018x (3) @esu# 1020h2 @cm2/W# Pa @GW# R5Pp /Pa

Helium 0.11 0.43 93 31
Neon 0.21 0.80 50 58
Argon 3.4 13 3.1 940
Krypton 8.5 34 1.2 2500
Xenon 27.0 110 0.36 7900
H2 2.2 8.5 4.7 610
CO2 4.2 17 2.3 1200
N2 2.9 11 3.6 790
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where va
254pnaq2/m, na is the density of atoms,VR

>1016 s21 is a typical value of the atomic resonance fr
quency, andva

2!v0
2!VR

2 is assumed@42–44#. For a
plasma,

hLp
>12vp

2/2v0
2, ~A3!

wherevp
2/v0

2!1 is assumed@35#. Lowest order dispersion is
characterized by the GVD parameterb25c21]2(v0hL)/
]v0

2 @46#. For a neutral gasb2a5c21]2(v0h0)/]2v0

>6va
2v0 /cVR

4, whereas for a plasma b2p

5c21]2(v0hLp)/]2v0>2vp
2/cv0

3. Note thatb2a.0 and
b2p,0, i.e., the GVD is ‘‘normal’’ for a neutral gas~below
resonance! and ‘‘anomalous’’ for a plasma. The ratio of th
dispersion parameter for a neutral gas to that of a plasm

b2a /b2p526~na /np!~v0 /VR!4, ~A4!

and, typically,ub2a /b2pu!1, sincev0 /VR!1. For example,
b2p>210228 s2/cm for l051 mm and v0 /vp510(np
>1019 cm23); whereasb2a>10231 s2/cm for air at STP and
l051 mm.

APPENDIX B: IONIZATION RATES

The rate of change of plasma density~density of free elec-
trons! is given by

]np

]t
5Wpna1Wcnp2n rnp , ~B1!

whereWp is the photoionization rate,Wc is the collisional
ionization rate, andn r is the recombination rate. Typically
for parameters of interest here, the recombination rate
small compared to the collisional ionization rate, i.e.,n r
!Wc , and will be neglected. The solution of Eq.~B1! for
constant ionization rates is

np5~Wp /Wc!na@exp~Wct !21#1np0 exp~Wct !,
~B2!

wherenp0 is the initial ~seed! electron density and it is as
sumed that the plasma density remains small compared to
neutral density. However, bothWp andWc are functions of
time as will be discussed.

1. Photoionization

Photoionization can take place in either the tunneling
multiphoton regime@47–52#. These regimes are characte
ized by the Keldysh parametergk5(UI /Uos)

1/2, whereUI is
the ionization energy andUos5(1/2)m(qE0 /mv0)2 is the
electron oscillation energy. The Keldysh parameter can a
be written asgk5v0t t , wheret t is the tunneling time, i.e.
the transit time of the electron through the atomic Coulo
barrier. The low field limit (gk.1) corresponds to the mul
tiphoton ionization regime, whereas the high field limit (gk
,1) corresponds to the tunneling ionization regime.

(i) Tunneling ionization(gk,1): In the high field limit,
gk,1, the photoionization rate can be determined by a t
neling calculation for an atom in the presence of a sta
electric field of amplitudeE. The tunneling ionization rate
is

is

he

r

o

b

-
c

i.e., the probability~per unit time! of ionization, is given by
@47,48#

Wt5AgẼ21/2 exp~bg /Ẽ!, ~B3!

whereAg51.631017ŨI
7/4, bg50.67ŨI

3/2, ŨI5UI /UH is the
normalized ionization energy,UI is the ionization energy in
eV, UH513.6 eV,Ẽ5E0 /Ea is the normalized electric field
and Wt is in units of s21. Figure 14 shows the tunnelin
ionization time 1/Wt as a function of laser intensity for vari
ous values of ionization energy. For a laser intensity
1015 W/cm2 and ionization energy of 50 eV, the tunnelin
ionization time is;100 ns. For laser pulse durations mu
less than 100 ns, little tunneling ionization will occur fo
these parameters.

(ii) Multiphoton ionization(gk.1): In the low field limit,
gk.1, the photoionization rate is given by the multiphoto
ionization rate, which is proportional toI m, where I is the
laser intensity andm5 integer (UI /\v011) is the number
of absorbed photons necessary for ionization. The multip
ton ionization rate is given by@50–52#

Wm5~sI /\v0
2!m@2pv0 /~m21!! #, ~B4!

wheres510216 cm2.

2. Collisional ionization

In an oscillating electric field an electron, on averag
gains energy from the field provided there are collisions w
other particles. In the classical description, this is referred
as Joule heating; in the quantum picture, this is called inve
bremsstrahlung. An electron that gains sufficient ene
from the field can ionize an atom on collision, leading
additional free electrons, which can go through the sa
cycle. In the collisional ionization process, the presence
seed electrons is necessary. If the irradiated volume is sm
or if the gas is sufficiently tenuous, the seed electrons m
be provided by other means. For example, the initial el
trons may come from tunneling ionization, or from cosm
ray ionization.

The collisional ionization rate will be discussed in tw
limits: the low intensity limitUos,UI and the high intensity

FIG. 14. Tunneling ionization time 1/Wt as a function of laser
intensity for various ionization energies,~a! UI520 eV, ~b! UI

550 eV, and~c! UI5100 eV.
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limit Uos@UI . In the low intensity limitUos,UI , an elec-
tron oscillating in the laser field with energyUos does not
have sufficient energy to ionize an atom in a single collisi
Through multiple collisions, however, the electron ener
can increase beyondUI and collisional ionization can occur
In the limit Uos@UI , an electron has a sufficiently high en
ergy to directly ionize the atom. Furthermore, in the lim
Uos@UI , the electron-neutral collision frequency becom
Coulomb-like. Before discussing the collisional ionizatio
rate in the low and high intensity limits, the momentu
transfer collision frequency, which is needed to obtain
collisional ionization rates, will be discussed.

(i) Momentum transfer collision frequency:As the elec-
trons in the ionized gas oscillate under the influence of
laser field, they collide with the background electrons, io
and neutral atoms. The electron collision frequency for m
mentum transfer is

nm5nei1nen , ~B5!

where nei (nen) is the electron-ion~electron-neutral! colli-
sion frequency. The electron-electron collision frequen
does not contribute tonm because the momentum of any pa
of colliding electrons and associated current~masses and
charges are identical! are conserved. Electron-electron col
sions, however, lead to thermalization of the electrons.

The electron-ion collision frequency is given by@53#

nei@s21#5431026 ~ ln Lei!ni@cm23#Z̄2Uos
23/2@eV#,

~B6!

where lnLei is the Coulomb logarithm~typically, ln Lei

>10– 20!, Z̄ is the charge state, andni is the ion density~niZ̄
is the electron plasma density!.

The electron-neutral collision frequency is given by@54–
56#

nen5^vennsen~ve!&, ~B7!

where sen is the electron-neutral cross section,ve is the
electron velocity, and the angular brackets denote an ave
ing over the electron velocity distribution. The electro
neutral cross section is generally a complicated function
the electron velocity. At low electron velocities the cro
section is hard-sphere-like and independent of velocity,sen
>s0 , where s0;10215 cm2 is the hard-sphere cross se
tion. As the electron velocity approaches the characteri
atomic electron velocity, polarization scattering is the dom
nant process andsen>s0v0 /ve . The characteristic atomic
electron velocity isv05a fc, wherea f51/137 is the fine-
structure constant and the characteristic electron energ
mv0

2/2513.6 eV. At substantially higher electron velocitie
the scattering becomes Coulomb-like andsen;1/ve

4. The
electron-neutral collision frequency can therefore be e
mated to benen>nns0vos for vos,v0 andnen>nns0v0 for
vos.v0 .

Typically, the electron-neutral collisions are the domina
collisional process in weakly ionized gases; however,
highly ionized gasesnei can become important. As an ex
ample, consider the case where the neutral density isnn0
5331019 cm23 and the electron oscillation velocity isvos

5qE0 /mv05531023c (Uos5mvos
2 /256.3 eV). For a lin-
.
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e
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early polarized laser of wavelengthl51 mm, these param-
eters correspond to a peak intensity ofI 53.531013 W/cm2

and peak electric field amplitude ofE051.63108 V/cm.
Taking s0>10215 cm2, Eq. ~B7! yields an electron-neutra
collision frequency ofnen>731012 s21, i.e., an electron-
neutral collision time often5nen

21;140 fs.
If, for the same example, the gas is highly ionized w

ni5nn05331019 cm23 and the electron oscillation energ
is Uos56.3 eV, the electron-ion collision frequency from E
~B6! for singly ionized gas (Z̄51) is nei>831013 s21, i.e.,
an electron-ion collision time oftei5nei

21>13 fs. For these
parameters the electron-ion collision frequency is mu
greater than the electron-neutral collision frequency,nei
@nen .

As another example consider the case of a plasma
which all the atoms are singly ionized, i.e.,Z̄51. For a laser
intensity of I 51016 W/cm2 and wavelengthl051 mm, the
electron oscillation energy isUos>2 keV. For an ion density
of ni5331019 cm23, the electron-ion collision frequency i
nei>1.231010 s21 andtei5nei

21>80 ps.
(ii) Collisional ionization rate for Uos,UI : The colli-

sional ionization rate is

Wc~ t !5naE
v I

`

sc~v !v f e~v,t !dv, ~B8!

where na is the density of atoms~neutrals!, sc(v) is the
ionization cross section for electron impact,f e(v,t) is the
electron distribution function, with*0

` f e(v,t)dv51, andv I

5(2UI /m)1/2 is the velocity associated with ionizatio
@52,54–56#. The collisional ionization cross section, as
function of electron energy, is typically zero fromU50 to
U5UI , increases fromUI to Um , whereUm is several times
UI , and then decreases as;1/U for U@Um . Order of mag-
nitude estimates for the collisional ionization cross sect
for a neutral gas can be obtained from the following thr
parameter model:

sc5sma0
2 UI~U2UI !

U~U1U0!
~B9!

for U.UI andsc50 for U,UI , wheresm is the maximum
cross section occurring atU5Um5a0UI , UI is the ioniza-
tion energy,U05a0(a022)UI , anda0 is a parameter. Ap-
proximate values@57,58# for UI , sm , anda0 are given in
Table II for H2, N, N2, and Ar.

As a rough estimate we take the electron distribution to
a flat-top of the form

TABLE II. Parameters for modeling the collisional ionizatio
cross sectionsc , Eq. ~B9!.

Atom,
molecule U1 @eV# 1016 sm @cm2# a0

H2 15.4 1.1 4.5
N 14.6 2.1 7
N2 15.8 3.1 7
Ar 15.6 3.7 6
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f e~v,t !5 H1/ve~ t !, 0<v<ve

0, v.ve , ~B10!

where ve(t) is the maximum electron velocity, whic
evolves with time. Substituting Eq.~B10! into Eq.~B8! gives

Wc~ t !5naE
v I

ve
sc~v !@v/ve~ t !#dv, ~B11!

for ve(t).v I andWc(t)50 for ve(t),v I . Substituting Eq.
~B9! into ~B11! gives the collisional ionization rate

Wc~ t !5nasma0S UI

2mD 1/2

@UI /Ue~ t !#1/2F„Ue~ t !,UI ,a0…

~B12!

for Ue(t).UI andWc(t)50 for Ue(t),UI , where

F„Ue~ t !,UI ,a0…5~11UI /U0!lnS Ue~ t !1U0

UI1U0
D

2
UI

U0
lnS Ue~ t !

UI
D , ~B13!

andUe(t)5mve
2/2 is the electron energy.

The rate of change of energy of an electron undergo
collisions in the presence of temporally peridic electric fie
is given by@54,55#

dUe

dt
5

q2E2nm

2m~v0
21nm

2 !
2nuUe , ~B14!

whereE is the peak electric field amplitude,nm is the mo-
mentum transfer frequency, andnu is the energy exchang
collision frequency. The first term on the right-hand side
Eq. ~B14! represents the rate of energy increase of an e
tron undergoing collisions while being accelerated in the
ser field. The second term represents the energy damping
to collisions between electrons and neutral atoms. In li
gases, such as helium, a rough estimate for the exch
collision frequency isnu>(2m/M )nm , whereM is the mass

FIG. 15. Collisional ionization time 1/Wc as a function of time
in the low energy limit (Uos!UI), Eq. ~B11!, for various laser
intensities,~a! I 51014 W/cm2 ~dashed!, ~b! I 51013 W/cm2 ~dot-
ted!, and~c! I 5531012 W/cm2 ~solid!, wherena52.731019 cm23,
nm5531012 s21, nu5531010 s21, sm52310216 cm2, UI520
eV, anda055.
g

f
c-
-
ue
t
ge

of the atom, however, actual values can be substanti
higher than this estimate. As a specific example, for elect
energies betweenUe>1022 and 2 eV the momentum colli
sion frequency for N2 is nm@s21#>1027nn@cm23#
3(Ue@eV#)0.85 and the energy exchange collision frequen
is, to within an order of magnitude,nu>nm/100.

Equation ~B14! indicates that the electron energy in
creases monotonically and saturates because of electron
lisions with neutral atoms. Solving Eq.~B14!, assumingnm
andnu are constant, gives

Ue~ t !5Usat@12exp~2nut !#, ~B15!

where Usat5(nm /nu)(11nm
2 /v0

2)21Uos is the saturation
~maximum! electron energy,Uos5mvos

2 /2 is the electron os-
cillation energy andvos5qE/mv0 is the oscillation velocity.

Figure 15 shows the collisional ionization time 1/Wc as a
function of time for UI520 eV for ~a! I 51014 W/cm2

~dashed!, ~b! I 51013 W/cm2 ~dotted!, and ~c! I 55
31012 W/cm2 ~solid!. The collisional ionization time is rela
tively long for short times, decreases, and eventually tend
a constant value asUe→Usat. If we regard the abscissa a
the laser pulse duration, then, forI 5531012 W/cm2, the
plasma densitye-folding time (1/Wc) is long compared to
the laser pulse duration provided that the laser pulse dura
is <10 ps.

(iii) Collisional ionization rate for Uos@UI : Next we con-
sider the regime whereUos@UI and the electron-atom colli
sion is Coulomb-like. To estimate the collisional ionizatio
rate in this regime we set the rate of energy loss of a
electron undergoing collisions with atomic electrons equa
the ionization rateWc times the effective ionization energy
The rate of energy loss of a fast electron with velocityve as
it undergoes collisions with background atomic electrons
@59,60#

dUe /dt>2neeUe , ~B16!

where

nee52&pZnaq2 ln L~mUe
3!21/2 ~B17!

FIG. 16. Collisional ionization time 1/Wc in the high energy
limit ( Uos@UI), Eq. ~B19!, as a function of laser intensity fo
various ionization energies,~a! UI520 eV ~solid!, ~b! UI550 eV
~dotted!, and ~c! UI5100 eV ~dashed!, where na52.7
31019 cm23, Z51, and lnL510.
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is the electron-electron energy exchange frequency,Z is the
atomic number,na is the atomic density, i.e.,Zna is the
bound electron density, and lnL is the Coulomb logarithm
~typically ln L;10!. In practical unitsnee is

nee@s21#57.831026Zna@cm23# ln L~Ue@eV# !23/2.
~B18!

The collisional ionization rate is estimated by settingdUe /dt
in Eq. ~B16! equal to 2WcaUI , which gives Wc
5(Ue /aUI)nee, whereaUI is the effective ionization en
ergy,UI is the ionization energy, anda>2 – 5 is a numerical
factor that accounts for the fact that not all of the fast el
v
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tron energy loss goes into ionizing the atomic electro
Solving for Wc and settingUe5Uos anda53 we find that
the collisional ionization rate forUos@UI is

Wc@s21#>2.631026Zna@cm23# ln L~Uos
1/2@eV#UI@eV# !21.

~B19!

The collisional ionization time 1/Wc in the high energy
limit, Eq. ~B19!, is shown in Fig. 16 for~a! UI520 eV, ~b!
UI550 eV, and~c! UI5100, as a function of laser intensity
Figure 16 shows that 1/Wc increases with bothUi and I , as
expected from Eq.~B19!.
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